SL 2 R geometry is one of the eight 3-dimensional Thurston geometries, it can be derived from the 3-dimensional Lie group of all 2 × 2 real matrices with determinant one.
duce the notion of the infinite and bounded prisms, prove that there exist infinite many regular infinite p-gonal face-to-face prism tilings T i p (q) and infinitely many regular (bounded) p-gonal non-face-to-face SL 2 R prism tilings T p (q) for parameters p ≥ 3 where 2p p−2 < q ∈ N. Moreover, we develope a method to determine the data of the space filling regular infinite and bounded prism tilings. We apply the above procedure to T i 3 (q) and T 3 (q) where 6 < q ∈ N and visualize them and the corresponding tilings.
E. Molnár showed, that the homogeneous 3-spaces have a unified interpretation in the projective 3-space P 3 (V 4 , V 4 , R). In our work we will use this projective model of SL 2 R geometry and in this manner the prisms and prism tilings can be visualized on the Euclidean screen of computer.
On SL 2 R geometry
The real 2×2 matrices d b c a with unit determinant ad−bc = 1 constitute a Lie transformation group by the usual product operation, taken to act on row matrices as on point coordinates on the right as follows
This group is a 3-dimensional manifold, because of its 3 independent real coordinates and with its usual neighbourhood topology ( [4] , [11] ). In order to model the above structure on the projective space P 3 (see [1] ) we introduce the new projective coordinates (x 0 , x 1 , x 2 , x 3 ) where
with positive equivalence as a projective freedom. Then it follows, that
describes the interior of the above one-sheeted hyperboloid solid H in the usual Euclidean coordinate simplex with the origin E 0 (1; 0; 0; 0) and the ideal points of the axes E ∞ 1 (0; 1; 0; 0), E ∞ 2 (0; 0; 1; 0), E ∞ 3 (0; 0; 0; 1). We consider the collineation group G * which acts on the projective space P 3 and preserves a polarity i.e. a scalar product of signature (− − ++), this group leave the one sheeted hyperboloid solid H invariant. We have to choice a appropriate subgroup G of G * as isometry group, then the universal covering space H of H will be the hyperboloid model of SL 2 R (see [1] ).
The specific isometry S is an one parameter group given by the matrices (s j i (φ)):
The elements of S are the so-called fibre translations. We obtain an unique fibre line to each X(x 0 ; x 1 ; x 2 ; x 3 ) ∈ H as the orbit by right action of S on X. The coordinates of points lying on the fibre line through X can be expressed as the images of X by S(φ):
The points of a fibre line throught X by usual inhomogeneous Euclidean coordi-
x 0 , x 0 = 0 are given by
The π periodicity of the above maps can be seen from the formulas (1.4) and (1.5)
The elements of the isometry group of SL 2 R in the above basis can be described by the matrix (a We define the translation group G T as a subgroup of SL 2 R isometry group acting transitively on the points of H and mapping the origin E 0 (1; 0; 0; 0) onto X(x 0 ; x 1 ; x 2 ; x 3 ; ). These isometries and their inverses (up to a positive determinant factor) can be given by the following (t 
The rotation about the fibre line through the origin E 0 (1; 0; 0; 0) by angle ω (−π < ω ≤ π) can be expressed by the following matrix (see (1.8) and [1] ) 8) and the rotation R X (ω) about the fibre line through X(x 0 ; x 1 ; x 2 ; x 3 ) by angle ω can be derived by formulas (1.7) and (1.8):
(1.9) Horizontal intersection of the hyperboloid solid H e.g. with the plane
provide the Beltrami-Cayley-Klein model of the hyperbolic plane H 2 that is called base plane of the model H = SL 2 R. The fibre through X intersects the z 1 = x = 0 base plane in a trace point
We introduce a so-called hyperboloid parametrization by [1] as follows x 0 = cosh r cos φ,
where (r, θ) are the polar coordinates of the base plane and φ is just the fibre coordinate. We note that
The inhomogeneous coordinates corresponding to (1.11) , that play an important role in later visualization of the prism tilings in E 3 , are given by
(1.12)
Prisms and prism tilings in SL R space
After having investigated the prisms and prism-like tilings in S 2 ×R and H 2 ×R spaces (see [7] and [8] ) we consider the analogous problem in SL 2 R space from among the eight Thurston geometries. Fig. 2 ).
A family of closed sets called tiles forms a tessellation or tiling of a space if their union is the whole space and every two distinct sets in the family have disjoint interiors. A tiling is said to be monohedral if all of the tiles are congruent to each other. At present the space is the SL 2 R and the tiles are congruent regular infinite or bounded prisms (see Definition 2.2-3). A tiling is called face-to-face if the intersection of any two tiles is either empty or a common face of both tiles otherwise it is non-face-to-face. If the prisms are bounded then each vertex of a tiling is proper point of SL 2 R, thus the prism is a ,, SL 2 R polyhedron" having at each vertex one ,,p-gonal cover face" (it is not absolutely polygon) and two skew ,,quadrangles" which lie on onesheeted hyperboloid surfaces in the model. 
Regular infinite prism tilings
First, we assume that T i p (q) is a regular infinite prism tiling in the SL 2 R space, which can be derived by a rotation subgroup G The isometry group of SL 2 R leave invariant the hyperboloid H and the fibre lines thus it is sufficient to consider the base p-gonal figur A 1 A 2 A 3 . . . A p . Therefore, we have to require to the existence of a regular infinite p-gonal prism tiling T i p (q) that the rotation r j (ω) (j = 1, 2, . . . , p) above the fibre lines f i (see (1.12)) maps the corresponding side face onto the neighbouring one:
Remark 2.2
The isometries r i (ω) (i = 1, 2, . . . , p) map P i p (q) onto its side face adjacent prisms, as well.
has rotational symmetry of the 2p th order about the x axis therefore it is sufficient to require to the existence of 2. There are convenient side surfaces containing the corresponding side fibre lines i.e. there is a convenient side curve c A 1 A 2 of the base figur between A 1 and A 2 which image c
Theorem 2.1 There exist regular infinite prism tilings T
at rotation r 2 lies on the side surface generated by base side curve c A 2 A 3 .
(i.) We translate the points A 1 , A 2 , A 3 by SL 2 R translation T which map the point A 2 into the origin
The trace points of the fibres through A , respectively (see Fig.3-4) . Therefore, the infinite (torus-like) prism tilings T i p (q) exist. rotation about x axis (see Fig. 3 and Fig. 4) . 
Regular infinite trigonal prism tilings
In this subsecton we determine the data of the existing (see Theorem 2.1) regular infinite trigonal prism tilings T i 3 (q). The side faces of P i 3 (q) are derived from each other by rotation with angle ω = 2π q (6 < q ∈ N) about their ,,common fibre line". We use the homogeneous coordinates of vertices A 1 , A 2 , A 3 given in (2.1) depending on parameter x 3 . We have to determine parameter x 3 that the rotation r 2 (ω) above fibre line f 2 (see (1.9)) maps the side face [
We obtain by above requirements an equation for the parameters x 3 and we get the following solution for each 7 ≤ q ∈ N: rotation about x axis (see Fig. 3 and Fig. 5 ). The data of P i 3 (q) for some N ∋ q > 6 are collected in the Table 1 . ≈ 0.30007426 (3, 8) ≈ 0.40561640 (3, 9) ≈ 0.47611091 (3, 10) ≈ 0.50289355 (3, 50) ≈ 0.89636657 (3, 1000) ≈ 0.99457331
We can determine the data of all regular infinite prism tilings T 
Regular prism tilings
In this section we study the regular (bounded) prism tilings in the SL 2 R space. We can derive regular prism tilings T p (q) from the infinite regular prism tilings T therefore we obtain a regular prism tiling T p (q), as well.
The images of the planes of equations x = k (k ∈ R) are invariant under rotations about the fibre line through the origin. Therefore, their maps at an arbitrary translation, given by parameters (t 0 ; t 1 ; t 2 ; t 3 ) (see (1.7)), are invariant planes under rotation R T (ω) about the fibre line through the point T (t 0 ; t 1 ; t 2 ; t 3 ) (see (1.9)). We get the next Lemma by (1.7).
Lemma 2.2
The rotation R X (ω) (k ∈ R) leave invariant the planes of equations x(kt 1 − t 0 ) + y(t 3 − kt 2 ) − z(kt 3 + t 2 ) + t 0 k + t 1 = 0. It is interesting to consider further tilings in the 3-dimensional Thurston geometries, because important informations of the ,,crystal structures" are included by the ,,space filling polyhedra".
In this paper we have mentioned only some problems in discrete geometry of the SL 2 R space, but we hope that from these it can be seen that our projective method suits to study and solve similar problems (see [3] , [5] , [6] , [9] , [10] ).
